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ABSTRACT 

The constants of motion of the following systems are deduced: a relativistic particle 
with linear dissipation, a no-relativistic particle with a time explicitly depending force, a 
no-relativistic particle with a constant force and time depending mass, and a relativistic 
particle under a conservative force with position depending mass. The problem of getting 
the Hamiltonian for these systems is determined by getting the velocity as an explicit 
function of position and generalized linear momentum, and this problem can be solved a 
first approximation for the first above system. 



1 



I. Introduction. 

The constant of motion of a dynamical system, which has an equivalent interpretation 
of the energy of the system, has received attention lately due to the study of dissipative 
system [1], due to some problems with the Hamiltonian formalism [2], and due to the 
possibility of making a quantum mechanics formulation based on the constant of motion 
concept [3]. The constant of motion concept, besides its obvious usefulness in classical me- 
chanics, can have great deal of importance in quantum mechanics and statistical physics 
for system without well defined Hamiltonian [3]. In particular, when one studies relativis- 
tic systems with no-conservative forces or systems with time depending mass or systems 
with position depending mass, the concept of constant of motion appears more naturally 
than the concept of Hamiltonian. In this paper we analyze four dynamical systems and 
find their constant of motion. These constants of motion are selected such that when some 
interaction is neglected, they are reduced to the usual concept of energy. The Hamilto- 
nian associated to the system is deduced whenever is possible to do that. The paper is 
organized as follows: we study first a relativistic system with linear dissipation and with 
a constant external force. For this system, the constant of motion is given in general, and 
the Hamiltonian is obtained for weak dissipation only. Then, we study a no-relativistic 
system with an external time explicitly depending force, where only the constant of mo- 
tion is given. In the same way, we find a constant of motion for a no-relativistic system 
with a constant force and with a time depending mass. Similarly and finally, we obtained 
the constant of motion of a relativistic system with position depending mass and a force 
proportional to this mass. 
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II. Constant of motion of a relativistic particle with linear dissipation. 

The motion of a relativistic particle with rest mass "m" and under a constant force 
"/" and a linear dissipation is described by the equation 



d 



mv 



dt v^/c^ 



= f -av , 



(1) 



where v is the velocity of the particle, c is the speed of light, and a is the parameter 
which characterizes the dissipative linear force. Eq. (1) can be written as the following 
autonomous dynamical system 



dx 
It 



(2) 



where /3 has been defined as /? = a//, and x is the position of the particle. A constant of 
motion of this system is a function Kj3{x,v) [4] which satisfies the equation 



OX m ov 



(3) 



The solution of Eq. (3), such that for f3 equal to zero one gets the usual expression for 
the relativistic energy. 



lim Kg = — ?Tic ^ 

^ ^1 - t;2/c2 



fx — mc? 



(4) 



(the last term, mc^, was added to obtain the right no- relativistic energy expression for c 
going to infinity), is given by 



Kj3 = —fx—mc? 



mc 



y2 



1 _ 0^c^ + _ -^^3/2 ln^/3(^) lf/3>l/c 

rr^ + ^i-yv){^ ^^^^^^ ^^"^ 

V 1 



c 1 — v/c 

where the functions Ap{v) and Bpiy) are defined as 



if /?= 1/c 



AM = 



1-pv 



{5b) 



and 



(5c) 



At first order on the dissipation parameter, the constant of motion can be written as 



K = 



mc 



fx — mc^ + Pmc^ 



v/c 



arctan 



v/c 



1 - ^ 



(6) 



Now, using the known expression relating the constant of motion and the Lagrangian [5] 

K{x, v) dv 



L = v 



this Lagrangian is calculated inserting (5a) in (7), bringing about the expression 



(7) 



/32c2-l "I" ^2c2_l ni 



2(l + ^l-«2/c2 ) 

I3v 



rn^G^ if/9>l/r 
^ 4(/32c2-l) II P > 1/C 



= fx + mc^ + < 



7^ I /3c um 1 
^ + fc— rln 



/32c2-l I /32c2-l 



2(l + ^l-«2/c2 ) 



+ 



up < 1/c 



(l-/32c2)2 

if/3=l/c 



(8) 



where the functions Gp^ and Rp are given in the appendix. For week dissipation, one 
can use (6) in (7) to get 



L = —mc \ 1 :r + fx + mc + fimc arctan 



v/c 



(9) 



The generalized linear momentum, p = dL/dv, can be calculated using (8), bringing about 
the expression 



+ 



(/3^c2-l)Vir5:-/3^c2-l 



2(1 + V^1^ ) 

f3v 



"7T 



Pl3= S 



— I /32c2_i 
"7^ 



+ 



(/32c2-l)yi 
rnc f 2v^ _ 2£ _ 



2(l+^A^ ) 



+ A^'^ if /3 > 1/c 

(2) 



^""''z 2 + A'b' if/3<l/c 

c2-l)^/l-4 /3 



(/32c2-l)^ 



if /3 = 1/c 



(10) 

where the functions A^p^ and A^^"^ are given in the appendix. For weak dissipation, 
expression (9), the generahzed hnear momentum is given by 

mv + f3m(? , , 

P= 1 • (11) 

As one can see from (10), it is not possible to express v exphcitly as a function of p/j. 
Therefore, it is not possible to know explicitly the Hamiltonian of the system. However, at 
first order on the dissipation parameter, relation (11), one can get the following expression 



^ = 2 / 2 I 2 • (12) 

So, the Hamiltonian for this weak dissipation case can be written as 

H = ^^'(pVc' +rn^) ^ ^^c3Afl(p) , (13a) 

where 5'^(p) and ^pip) are functions defined as 

/ p"^ p^ pP' 
9(3 ~ \ ~'~ "^^)^ ~ fi'^mP-c^ + 2f3rn?p\ + w? — /J^m^c^ 2 (^ ~'~ ~ /J^m^c^) 

y C V C C C 

(136) 

and 



—f3m c + py I2 + — —/3m c + pJ ^ + — (3'^m?c^ 
A/3 = arctan 

eg pip) eg pip) 

(13c) 

Note that the function has the following limit Xuxvp^Q g ^^{p) = vn^p^ jc? + m^. Thus, 
(13a) has the usual Hamiltonian expression as goes to zero. 

II. Constant of motion for a time depending force. 

The motion of a no-relativistic particle of mass m under a time depending force, /(t), 
can be written as the following non- autonomous dynamical system 

- = v, (14a) 
^ = m/m . (146) 



A constant of motion for this system is a function K{x, v, t) such that satisfies the following 
equation [4] 

^^ + Zi!)^ + ^-0 (15) 

dx m dv dt 

Solving this equation by the characteristics method [6] , one gets the general solution given 

by 

K{x,v,t) = G{CuC2) , (16) 

where G is an arbitrary function of the characteristics Ci and C2 which has the following 
expressions 

Ci=v-- [ fit) dt , (17a) 
m J 

and ^ 

C^ = x-vt+^J fit) dt-^J i^j /(«) dt . (176) 

Let us choose fit) of the form 

fit) = foil + egit)] , (18) 

where git) is an arbitrary function, and e and fo are parameters. Note that limg^o fit) = 
fot and in this limit, the usual constant of motion is the energy, Kq — limg^o K = mv"^ /2 — 
foX. In order to get this energy expression from our characteristics within this limit, 

one needs in (16) the following functionality lime_,o G(Ci, C2) = — /oC2^ 

So, one can choose this functionality for e 7^ and has the constant of motion given by 

K=-[v-hiit)]^-fo[x-vt + thiit)-h2it)] , (19) 

where hi and h2 have been defined as 

hiit) = - f fit) dt , (20a) 
m J 

and 

h2it) = J hiit) dt . (206) 
The expression (19) can also be written as 

K = Koix,v) + V,iv,t) , (21a) 
where Kg and have been defined as 

Koix, v) = ^mv^ - foX , (216) 



and 



V, = -mvhi (t) + foVt + ^mhl (t) - fothi (t) + foh2 (t) . (21c) 



One can see that the foUowing hmit is satisfied 

\imV^{v,t) = . {21d) 
In particular, for a periodic function, 

g{t) = sm{Qt) , (22) 

one gets 

K = Ko + ^ cos(f]t) + ^^-r cos2(m) - sm(nt) . (23) 

Since the expressions (14a) and (14b) represent a no-autonomous system, the possible 
associated Hamiltonian can not be a constant of motion, and the expression (7) can not be 
used [7] to calculated the Lagrangian of the system, therefore its Hamiltonian. Naively, one 
can consider (14a) and (14b) as a Hamiltonian system and to get H = /2m — f{t)x/m 
as its associated Hamiltonian {p = mv), and L = mv'^/2 + f{t)x/m as its associated 
Lagrangian. However, this procedure is hardly to justify, and it is not free of ambiguities. 

III. Constant of motion of a time depending mass system. 

The motion of a time depending mass under a constant force can be described by the 
following no-autonomous dynamical system 

— = v (24a) 
dt ^ ' 

and 

dv f rh , , X 

-l7 = ---v, 246 
dt m m 

where / represents the constant force, m = m(t) is the mass of the system, and rh is its 
time differentiation. A constant of motion for this system is a function K{x, v, t) which 
satisfies the equation 



dK 
dx 



— -—V 

m m 



dK OK 

+ — = 0. (25) 



dv dt 

Solving (25) by the characteristics method, the general solution is gotten as 

K{x,v,t) = G{CuC2) , (26) 
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where G is an arbitrary function of the characteristics Ci and C2 which are defined as 

Ci=mv- ft (27o) 

and 



Co = a; — mv 



dt 
m{t) 



+ f 



dt 



m{t) J m{t) 



t dt 



{27b) 



If one assumes that the mass is constant, m{t) = mo-, the characteristics curves would be 
given by Ci = mv — ft and C2 = x — vt — ft"^ /2m. So, the functionahty G which brings 
about the usual constant of motion (energy) would be given by G = Cf/2mo — /C2 = 
mv'^/2 — fx. Therefore, for the case where the mass depends explicitly on time and of 
the form 

m{t) = moQeit) (28) 

such that limg_,o ^6 = 1, one chooses 

1 



GiG^,G2) = —Gt-fC2 

2mo 

which brings about the constant of motion of the form 

K,{x,v,t) = Koe{x,v,t) + We{v,t) , 
where Koe and We are given by 



mo9t 2 n 
— ^r^V — fx 



and 



2+2 



ft 



We = -ge{t)fvt +^+ ge{t)fvA,{t) - ^A2(t) 



2m,o 



rrir. 



The functions Ai (t) and A2 (t) have been defined as 

dt 



and 



A2(t) =tAi(t) 



9eit) 



t dt 



The functions Kq^ and have the following limits 



and 



lim Koe = —mnv'^ — fx 



lim We = . 



(29) 
(30a) 

(306) 

(30c) 

(30d) 
(30e) 

(31a) 
(316) 



The observation about getting the Hamiltonian for this system, equations (24a) and (24b), 
is essentially the same as previous system, and it will not be discussed any further. 
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IV. Constant of motion of a position depending mass system. 

The motion of a relativistic particle of position depending mass, m{x), under a con- 
servative force f{x) is given by the equation 



fix) , (32) 



where v is the velocity of the particle. This equation can be written as the following 
autonomous system 

- = V (33a) 




and 

dt m \^ J \^ J m 

where m^; is the differentiation of the mass m with respect the position. A constant of 
motion for this system is a function K{x, v) satisfying the equation 



dK 
dx 



J m \ J m 



The general solution of (34) is given by 

K{x,v) = G{C), (35) 



where C is the characteristic curve obtained from the solution of 

dx dv 



7 m V (? I m 



(36) 



From this expression, one can see clearly that this equation can be integrated for special 
cases only. For example, assuming j{x) of the form 

j{x) = -arrixc^ , (37) 

where cc is a constant. Using (37) in (36) and a new variable ^ = -s/l — v^/c^, the 
integration can be done, getting the characteristic curve (in terms of the variable v) 

a 
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Note, from (7), that a = represents the case of a relativistic free particle with position 
depending mass, and from (38) one gets the following limit 

lim C« = . ""^""^ . (39) 

Thus, one can choose G of the form G{Cq) = c^C'^/2mo., where nio is the value of m at 
a: = 0, to get the constant of motion 

a 



" \2mo) \V^Fn + a-2^1-v^/c'') ' 

In addition, if m{x) is of the form 

m{x) = moge{x) , (42) 
where lime^ofl'e(^) = 1, one would have the following expected limit 

lim Ka = ^moV^ . (43) 

a— >0 z 
c— s-oo 

For example, choosing m{x) as 

m{x) = mo(l + esm{kx)) , (44) 
the constant of motion is written as 

Ka{x,v) = !^(^l + esin(A;x)yF, Q , (45) 

where the function Fq, si given by 

a 



"Vc>' l-vyc' [V^FT4 + a-2./l^^^) ■ ^ ^ 

Given the initial condition (xo,Vo), this constant is determined, and the trajectories in 
the space (x^v) can be traced. On the other hand, for this system, equations (33a) and 
(33b), and for the particular case seen above which brings about the constant of motion 
(40), the expression (7) can be used, in principle, to obtain the Lagrangian of the system. 
However, the integration can not be done in general. Even more, if this Lagrangian is 
explicitly known and the generalized linear momentum is calculated, one can not know 
V = v{x,p), in general. Thus, the Hamiltonian of the system can not known explicitly. 
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V. Conclusions. 



We have given the constant of motion for several one-dimensional systems. These con- 
stants of motion were chosen such that they can have the usual energy expression when 
the parameter which characterizes the no-conservative interaction goes to zero. For a 
relativistic particle with linear dissipation, its constant of motion was deduced in general, 
but its Hamiltonian was explicitly given only for weak dissipation. For a no-relativistic 
time depending system, for a no-relativistic time depending mass system under a constant 
force, and for a mass position depending system under a constant force, only the constants 
of motion were given, outlining the problem of getting their Hamiltonians. 
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APPENDIX 



The function Gi3{v) is given by 



- 4c In ^ 

- ^2 + 2/5c vU^{v) + ^2 + 2/5c , 



where the function /i^ with s = ±1 is given by (7 ^ = 1/I — w^/c^ ) 



/i^(t;) = ln 



4^;7(/?c)2 - 1 + s2/?cV2 + 2/?c7-i + 2cV2 + 2^c{s^{^cY - 1 - 
(/3c - 1) x//32c2 - l(scV2 + 2/?c + ^; + /5c7;) 



The function Qp{v) is given by 



Qpiv) =-\/l — (/5c) 2 arctan 



(5c — V /c 



/ 2 / I3c—v/c I 1 



+ /3ci;Vl - (/5c)2ln 



l-(/3c)2 + ^^i_(^e)2 



v 



/ 



+ (l-/3V)ln 



1 -/3t; 
2c(l - /32c2 + (1 - 

V{1 - /?2c2)3/2 



The function Rp{v) is given by 



i^/3(^) = ln 



■2c(l + 7-i) 
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The function Ag^"^ is given by 



(1) mc^J/? p"^ 1 + pc 

^0 l^J 



{(3^c^-l)h{v) 



+ 



gi {v) (-^/2 c^/TTWc + v + pcv)' 

(/?V-l)/2(^) 

g2{v){V2 c^TTWc + V + /3cv) ^ 
fsjv) 

where /i, /2, /s, fifi, 92 and gs are defined as 



+ 1 In ' ^(-^"^ + ^'"^'^ + 2/3cV(/3c)2 - 1 7-1 



, , 2(1 + /3c) (\/2 cVl + /S^c - 2t;) 4 , r- , 

2x/2VrT^^(-\/2 cx/T+^ + ^ + Z^ct) 2x/2c(1 + /jc)^/^ 7-1 

2(1 + ^c) ( V2 cVl + /3c + 2^;) 4 , 



(61) 



_ 2V2VrT?^ v{-^f2 c^fY^c + ^ + _ 2V2c(l + ^cfl'^ 7-^ ^^^^ 
cV(/3c)2 - 1 7-1 V/52c2 _ 1 

/3(^;) = -^^^2^2 _ 1 (1 _ ^y) + /5[2(-/3c + /J^c^) + 2/3cV(/5c)2 - 1 7^ , (63) 

^i(^;) = 2v^ c(/5c - l)v/l+/5c 

2(^/2cVl + /?c-2^;) 2\/2cVTT^7-^ 



(/5c- 1)(-V2 cVl + /?c + i; + /5i;c) v^(/3c)2 - 1 (- ^2 c^l + /5c + ^; + /5c^;) 



(64) 

^2(^^) = 2v^ c(/5c - l)\/l + /5c 

(65) 



X 



2(\/2cVl +/?c-2z;) ^ 2V2 c^l + /?c 7-^ 



(/3c - 1) ( V2 cVl + /5c + ^; + /5?;c) ^(/5c)2 - 1 ( ^2 c^l + /3c + 7; + /5c^;) 
and 

^3(t^) = t;[2(-/3c + /32c2) + 2/3cV(/3c)2 - 1 7-^] . (66) 
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The function A^g^ (v) is given by 



- (1 _ ^2^2)3/2 



/5c In 



/ 2{l3c-v/c) 2 \ 



v 



1-pv 



J 



- /52c2 In 



- /?2c2)3/2 
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